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Abstract 
        The upper critical field, the lower critical field and the critical 
magnetic field ratio of anisotropic magnetic superconductors are calculated 
by Ginzburg-Landau theory analytically. The effect of  the Ginzburg-
Landau parameter( 0κ ), magnetic susceptibility( χ ) and magnetic-to- 
anisotropic parameter ratio(θ ) on the  critical field ratio are considered. 
We find that the value of critical magnetic field ratio with 0<χ  , higher 
0κ ,and higher θ  case are shown the higher value. And, the diamagnetic 
superconductors with highly anisotropic and the ferromagnetic 
superconductors are shown the highest and the lowest, respectively. 
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1.Introduction 
The Ginzburg-Landau(GL) theory is  widely used in framework for 
describing metallic and magnetic superconductors in magnetic field 
[1,2,3]. For type I superconductors, the magnetic response is diamagnetic. 
It shows total exclusion of flux in low magnetic field. For type II 
superconductors, there are quantized flux penetrates the superconductors 
in high magnetic field. The magnetic response of these material can be 
different from type I. The properties of type-II superconductors at low and 
high applied magnetic field ,close to lower and upper critical field was 
studied  by many researchers . Hampshire[4,5] studied the magnetic 
superconductors by GL theory  including the spatial variation and 
nonlinear magnetic response of magnetic ions in-field. The analytic 
formula of upper critical field is shown. Askerzade[6]  studied two-band 
GL theory and apply to determine the temperature dependence of lower 
,upper and thermodynamic critical field for non-magnetic superconductors. 
Askerzade[7] , Udomsamuthirun et al.[8],Min-xia and Zi-Zhao[9] studied 
the upper critical field of anisotropy two-band superconductors by GL 
theory. 
 In this paper, we calculate analytically the upper critical field, the  
lower critical field and the critical magnetic field ratio of the anisotropic 
magnetic superconductor by Ginzburg-Landau(GL) theory that the Gibbs 
free energy of magnetic superconductors of Hampshire[4,5] are used. 
  
2.Model and Calculation 
  According to the Ginzburg and Landau[1] theory, the Helmholtz 
free energy of non-magnetic superconductors is of the form 
 
 ( ) ( ) ∫+−∇−+++= dBHAeimFTHF sNs 242 22121, ψψβψα vvh   (1) 
 
Here, NF ,and sF   are the Helmholtz free energy in the normal state and 
superconducting state,  
        B   is the net field in the superconductivity region, 
       ψ   is the order parameter and ( )2ψ is proportional to the density of 
carriers,   
m  denotes the effective mass of the carriers,  
the coefficient α   depends linearly on the temperature, while  
coefficient   β   is independent of temperature. 
 The fourth term accounts for the kinetic energy of the carriers and 
the lasted term accounts for the energy stored in the local magnetic fields.  
 
Hampshire[4,5] proposed the  Gibbs’s free energy  of magnetic 
superconductors by  assuming that ( ) ( ) HMTBFTBG Ns 0,, μ−= , 
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ionss M
BH −=
0μ , ionssc MMM +=  and sions HM χ= . Therefore Gibbs free 
energy of   magnetic superconductors can be written as      
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     For small change in B-field, a series in B is introduced   
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Here 10 ,γγ  and 2γ  are  coefficient parameters. We can get the 2γ  by 
differentiating  above equation twice and taking Msc to be small that 
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Here 12 =γ  for non-magnetic superconductors.  The coefficient parameter 
1γ  depends on the gradient of field and  01 =γ  for the uniform applied 
field.                   
Finally, the Gibbs’s free energy of magnetic superconductors can be 
written as 
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 When the magnetic superconductors place in magnetic field, there 
are the field produced by ions ( )ionsM0μ , the applied field ( )H0μ  and the 
field produced by the carriers ( )scM0μ  that can produce  relationship 
between field as 
 
ionssc MMHB 000 μμμ ++=                  (4)                           
                  ( ) ( )
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So that 
              ( ) ( )( )scc MHHB +′++′−= χμχχμ 100 2                        (6)                           
where the differential susceptibility ( )χ′  is 
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 By comparing Ginzburg-Landau theory to BCS theory, we can get 
Δ~ψ  that  Δ   is gap function from BCS theory and ψ  is the order 
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parameter from GL theory. And, the anisotropic gap function[10] can be 
written as 
 
                                        ( ) ( ) ( )TkfTk ΔΔ ˆ~,ˆ    
where ( )kf ˆ   is the anisotropic function. Similarity, we can write anisotropic 
order parameter [8]  
                                        ( ) ( ) ( )TkfTk ψψ ˆ,ˆ =       (7) 
 
The anisotropy gap function has been propose by Haas and Maki[11] : 
a
af +
+=
1
cos1)(
2 δδ  and by Posazhennikova et al.[12] : δδ 2cos1
1)(
a
f += , 
here δ  is the polar angle and a  is anisotropy parameter. In case of the 
symmetry order parameter ( ) 1ˆ =kf . 
 
       Minimising sG  of Eq.(3) with respect to 
∗ψ  and Av  ,here we use 
anisotropic order parameter in Eq.(7), they lead to the 1st and 2nd 
Ginzburg-Landau equation, which now include the effect of anisotropic 
function and magnetic ions as 
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Where, scsc JM =×∇
v
 is the supercurrent density and >< ...  is averaged over 
Fermi surface. 
 Eq.(8) and Eq.(9) can be reduced to the isotropic magnetic 
superconductors by setting ...  to 1 and 01 =γ . 
 
     For the uniform applied field, the upper critical field can be found from 
the linearised 1st Ginzburg-Landau equation ,Eq.(8).Then, we get  
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Here ξ  is the coherence length,  
20 c
Hμ is the upper critical field that 
magnetic flux quantum ( )0φ  is e
hπ    and ),0(
2
THc =χ  is upper critical field 
of nonmagnetic superconductors.  
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Eqs.(10-11) show that the coherence length is unchanged by the 
presence of the magnetic ions and anisotropic function. And, the presence 
of the ions reduces the upper critical field strength by a factor ( )χ+1  ,but 
the effect of  anisotropic function is not found. 
 
For lower critical field’s calculation, we choose a flux line in 
cylindrical coordinate  ( )zrBB ˆ=v   where ( )rB  has its maximum value at  
core and tends to zero at large radial . A vector potential in cylindrical 
coordinate is chosen as 
 
               ( ) ( )( )[ ] ( )θθχμχχμ ˆˆ100 2 rArMHrHA scc =+′++′−=v                  (12)                            
 
From the solution for the wave function ( )Tψ  provided by 
   
                         ( ) ( ) φψψ ieTT =                                                             (13)                 
 
where  φ   is the phase of order parameter.  
By using the relevant Maxwell’s equation, Bj
vvv ×∇=
0
1
μ  (for the 
magnetostatic case, 0=∂
∂
t
D
v
) and 2nd  Ginzburg-Landau equation in uniform 
field, the vector potential  and magnetic flux quantum are   φ∇= vhv
e
A
2
  and  
e2
2 hπ=Φ   . The equation for the vector potential is taken the form 
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       Let our sample has a surface perpendicular to the x-axis and the 
external magnetic field is zBB ˆ0=
v
, so the internal magnetic field should be 
the form ( )zxbb ˆ=v . Then, the London equation is of the form 
( ) ( ) 0122
2
=− xb
dx
xbd
λ . Here, λ  is the London penetration depth of anisotropic 
magnetic superconductors 
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The lower critical field  can be obtained as 
  
                                      κλ ln4 21 eBc
h=                                          (15)                               
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Where  κ   is  Ginzburg-Landau parameter ; ξ
λκ = . The lower critical field 
Eq.(15)  is the same form of Abrikosov[2] but it has the difference in κ  
that depend on λ  in Eq.(14). 
 
      We introduce a dimensionless parameter, the  critical magnetic field 
ratio as  
                                            
1
2
cB
cB=η                        (16)                            
 
Substitution Eq.(11) and Eq.(15) in Eq.(16), we can get  
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In case 1>>κ , the approximated critical magnetic field ratio is 
           
                     ( )( )11 2 0
2
0
−+≈ κθχ
θκη                                         (18)        
 
Here 0κ  is the isotropic non-magnetic Ginzburg-Landau parameter; 
0
0
0 ξ
λκ = and 202 θκκ =  that 0λ  and 0ξ  are the penetration depth and coherence 
length of  Abrikosov[2]. The ( )( )kf ˆ122 χγθ ′+=  is the magnetic-to-anisotropic 
parameter ratio. For the pure superconductors that is the isotropic non-
magnetic  superconductors, Eq.(17) can be reduced  to 
0
2
0
ln
2
κ
κη =  that 
agreed with the Ginzburg-Landau relation. 
 
3.Results and Discussions 
The effect of 0κ , χ  and θ  on the critical magnetic field ratio(η )are 
shown in Figure 1. Here, we use the 570 =κ ,and 1180 =κ  that are of 
123Y [13] and 1223Hg [14] superconductor, respectively. We consider in 3 
cases the non-magnetic superconductor case( 0=χ ), the diamagnetic case 
( 0<χ ) and ferromagnetic case( 0>χ ). The η  must be the positive values 
so the value of 2γ  is between 0 to 1. The  θ  represents the ratio of 
magnetic parameter to anisotropic parameter. And 1=θ  , 1>θ , 1<θ  are the 
isotropic non-magnetic case, the highly anisotropic case and highly 
magnetic case, respectively. We find that the case 0<χ , the higher critical 
field ratio , the  higher 0κ  with  higher θ  is found . The diamagnetic 
superconductors( 0<χ ) with highly anisotropic case ( 1>θ ) shows the 
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highest value and the ferromagnetic superconductor( 0>χ ) with highly 
magnetic case ( 1<θ ) shows the lowest value . We also find that in the 
ferromagnetic superconductors, the difference between the upper critical 
field and the lower critical field is smaller than diamagnetic 
superconductors.  
Yadav and Paulose[15] measured the lower and upper critical 
magnetic field of 40.006.0 SeFeTe  superconductor. They found the upper 
critical magnetic field about 65 T for mid-point curve , the lower critical 
magnetic field about 82 Oe or  41029.1 −x T ,and the magnetic susceptibility 
21035.1 −−= xχ emu/gm. From Eq.(16), we can estimate the critical magnetic 
field ratio of this material as 51004.5 x=η . According to this η , and  
Eq.(17), the estimated Ginzburg-Landua parameter of this material should 
be between 13370 ≅κ to 1090 ≅κ  for 1501−=θ . Because 40.006.0 SeFeTe  shows 
the anisotropic and magnetic property, we think that the 0κ  of material 
should be the same order Y123 material. 
 
4.Conclusions 
 The upper critical, the lower critical field and the critical magnetic 
field ratio of anisotropic magnetic superconductors are calculated by 
Ginzburg-Landau theory analytically. The effect of  the Ginzburg-Landau 
parameter, magnetic susceptibility and magnetic to anisotropic parameter 
ratio on the  critical field ratio are considered. We find that the critical field 
ratio of 0<χ  case, with the higher κ ,and higher θ  ,the higher value of  is 
the critical field ratio found. The diamagnetic superconductor with highly 
anisotropic case is shown the highest value and  the ferromagnetic 
superconductor with highly magnetic is shown the lowest value of the 
critical magnetic field ratio. We can use the critical magnetic ratio to 
predicted the magnetic parameters of superconductors.   
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Figure 1. The  critical magnetic field ratio versus the critical magnetic 
susceptibility of the anisotropic magnetic superconductors.  
 
 
 
 
 
